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Abstract
5D cosmological model with 3-brane with matter is considered. The brane divides bulk in
two AdS half spaces. Geometry of the model can be described by two types of coordinates: in
the first setting the metric is static and the brane is moving in the bulk, in the second approach
the metric is time-dependent and the brane is located at a fixed position in the bulk. Coordinate
transformation connecting two coordinate systems is constructed.
Recently cosmological models with extra dimensions have attracted a lot of attention [1]). We
consider a 5D model with infinite extra dimension with the brane with matter embedded in the
bulk. The brane divides the bulk in two AdS spaces at both sides of the brane. The model can be
considered in two alternative approaches. In the first approach the bulk is static, and the brane is
moving in the bulk [2, 3, 4, 5, 6]. In the second approach metric of the model is time-dependent, and
the brane is located at a fixed position in extra dimension [7, 8]. Coordinate transformation between
two settings is not trivial and was discussed previously [6, 10] and recently [11]. Below, omitting
various generalizations of the model, we construct transformation between two pictures in a simple
and straightforward way.
The energy-momentum tensor on the brane is
τ νµ = diag{−ρˆ− σˆ, pˆ− σˆ, pˆ− σˆ, pˆ− σˆ},
where ρˆ and pˆ are the energy and momentum densities of matter on the brane, σˆ is the tension of
the brane.
It is convenient to define the normalized energy density and tension of the brane
ρ =
κ2ρˆ
6
, σ =
κ2σˆ
6
,
where ρˆ and σˆ have dimension [mass]4 and ρ and σ have dimension [mass]1. Parameter µ having
dimension [mass] is defined via the 5D cosmological constant Λ as µ2 = κ2|Λ|/6, where κ2 = 8π/M3
is the 5D gravitational coupling constant, and M is the 5D gravitational scale.
In approach with the static metric, the metric is
ds2 = −f(R)dT 2 +
dR2
f(R)
+ µ2R2dxadxa ≡ gMNdx
MdxN , (1)
where
f(R) = µ2R2 −
P
R2
.
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R and T have dimension [mass]−1.
In a parametric form trajectory of the brane is defined through the proper time t on the brane
as R = Rb(t), T = Tb(t), where −f(Rb)T˙
2
b + f
−1(Rb)R˙
2
b = −1. It follows that
T˙ = ξ
√
f(Rb) + R˙2b
f(Rb)
, (2)
where ξ = ±1. The metric on the brane is ds2 = −dt2 + µ2R2b(t)dx
adxa.
Trajectory of the brane with fixed 3D coordinates is determined by solving the junction conditions
for the metric on the brane. The junction conditions on the brane are [4, 3, 7, 8, 9]
[hki∇knj ] = τij −
1
3
τhij . (3)
Here hij = gij − ninj is the induced metric on the brane, v
i = ±(T˙b, R˙b, 0) and ni = ±(−R˙b, T˙b, 0)
are velocity and normal vector to the brane τij = (ρ + p)vivj + phij , [X] denotes the difference of
expressions calculated at the opposite sides of the brane.
From the spatial components (a, b = 1, 2, 3) of the junction conditions follows the generalized
Friedmann equation [2, 3, 4, 7, 8, 9, 1]
(
R˙b
Rb
)2
= −µ2 + (ρ+ σ)2 +
P
R4b
. (4)
In the second approach we consider a class of non-static metrics [7, 8]
ds2 = −n2(y, t)dt2 + a2(y, t)dxadxa + dy
2. (5)
The brane is located at a fixed position in the extra coordinate, which we set y = 0. The function
n(y, t) is normalized by condition n(0, t) = 1. For simplicity we consider a spatially flat brane. Here
a2(y, t) =
a2(0, t)
4
[
e2µ|y|
((
ρ+ σ
µ
− 1
)2
+
ρw
µ
)
+ e−2µ|y|
((
ρ+ σ
µ
+ 1
)2
+
ρw
µ
)
(6)
−2
((
ρ+ σ
µ
)2
− 1 +
ρw
µ
)]
,
and n(y, t) = a˙(y, t)/a˙(0, t). Restriction of the metric (5) to the brane is ds2 = −dt2 + a2(t)dxadxa.
The function a(t) = a(0, t) satisfies generalized Friedmann equation [7, 8]
H2(t) = −µ2 + (ρ+ σ)2 + µρw(t), (7)
where
H(t) =
a˙(0, t)
a(0, t)
, ρw(t) =
ρw0
a4(0, t)
.
are the Hubble function and the Weyl radiation term. In derivation of (6) ρw0 appears as an integra-
tion constant [8]. Eqs (4) and (7) have the same form. a2(0, t) can be identified with µ2R2b(t), and
the term ρw(t) = ρw0/a
4(t) can be identified with the term P/µR4b(t).
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In the picture with the static metric we consider the geodesic equations starting at the brane
world sheet
d2T
dy2
+ 2ΓTTR
dT
dy
dR
dy
= 0 (8)
d2xa
dy2
+ 2ΓabR
dxb
dy
dR
dy
= 0 (9)
d2R
dy2
+ ΓRRR
(
dR
dy
)2
+ ΓRTT
(
dT
dy
)2
+ ΓRab
dxa
dy
dxb
dy
= 0, (10)
where y is the affine parameter and the Christoffel symbols are
ΓTTR =
f ′
2f
, ΓRRR = −
f ′
2f
, ΓRTT =
1
2
ff ′, ΓRab = −ηabfµ
2R, ΓaRb =
δab
R
.
Here (T, R) ≡ (T±, R±) are coordinates in the AdS spaces at the opposite sides of the brane.
Integrating the geodesic equations, one obtains
dT±
dy
=
E±
f(R)
,
dxa
dy
=
Ca
µ2R2
,
(
dR±
dy
)2
= f(R)(CR±)2 + E±
2
−
Ca2f
µ2R2
, (11)
where (E±, Ca, CR±) are integration parameters. (dT/dy, dR/dy, dxa/dy) are the components of
the tangent vectors to geodesics which we normalize to unity. Imposing the normalization condition
dxM
dy
dxM
dy
gMN = 1, M,N = T,R, a (12)
we obtain that (CR±)2 = 1. We consider solutions of the geodesic equations even in y: T+(y) =
T−(−y), R+(y) = R−(−y) .
The hypersurface (T, R, xa = 0) is foliated by geodesics that intersect the trajectory of the brane
(Tb(t), Rb(t)) and at the intersection point are orthogonal to the world sheet of the brane (cf [10]).
Parameter t is constant along the geodesics orthogonal to the brane world sheet and can be considered
as a parameter labeling the geodesics. Setting Ca = 0, have
∂T±(y, t)
∂y
=
Eǫ(y)
f(R)
,
∂R±(y, t)
∂y
= αǫ(y)
(
f(R) + E2
)1/2
, (13)
where α = ±1, and E+ = E− = E.
The normalized velocity vector to the trajectory of the brane and the normal vectors to the
hyperplane containing trajectory of the brane (Tb(t), Rb(t)) are
vib = (T˙b, R˙b) =
(
ξ
√
f(Rb) + R˙2b/f(Rb), R˙b)
)
ni±b = ηǫ(y)
(
R˙b
f(Rb)
, ξ
√
f(Rb) + R˙2b
)
, (14)
where η = ±1. From (13) we obtain the tangent vector to a geodesic
ui± =
(
Eǫ(y)
f(R)
, αǫ(y)
√
f(R) + E2
)
, (15)
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By construction, the tangent vector to a geodesic at the intersection point with trajectory of the
brane is (anti)parallel to the normal to the trajectory of the brane,
ui |y=0||n
i
b. (16)
From this condition it follows that
E = ηR˙b, α = ξη (17)
Denoting Qi = (R, T ) and ui = ∂Qi/∂y, and introducing aj = u
igij, normalization condition (12)
with Ca = 0 can be written as
aj
∂Qj(y, t)
∂y
∣∣∣∣
t
= 1.
From this equation we obtain
aj =
∂y
∂Qj
+ ϕ(y, t)
∂t
∂Qj
, (18)
where ϕ(y, t) is an arbitrary function 2. Although in a general case I cannot prove that ϕ = 0, in a
special case discussed below it is possible to have ϕ = 0.
If ϕ = 0, (18) yields ∂y/∂Qi = gij∂Q
j/∂y, or
∂y
∂R
=
1
f(R)
∂R(y, t)
∂y
,
∂y
∂T
= −f(R)
∂T (y, t)
∂y
(19)
From the equality
dy =
∂y
∂R
(
∂R
∂y
dy +
∂R
∂t
dt
)
+
∂y
∂T
(
∂T
∂y
dy +
∂T
∂t
dt
)
it follows that
∂y
∂R
∂R
∂t
+
∂y
∂T
∂T
∂t
= 0. (20)
Using (19), this relation is written in a form
∂T (y, t)/∂t
∂R(y, t)/∂t
=
1
f 2(R)
∂R(y, t)/∂y
∂T (y, t)/∂y
. (21)
Now it is possible to transform the metric (1) to the form (5). The metric (1) is written as
ds2 = dy2
(
−f(R)T ′
2
+
R′2
f(R)
)
+2dy dt
(
−f(R)T ′T˙ +
R′R˙
f(R)
)
+dt2
(
−f(R)T˙ 2 +
R˙2
f(R)
)
+µ2R2dxadxa
(22)
Using (13) we find that the coefficient at dy2 is 1, using (13),(19),(21) that the coefficient at dydt is
zero, and at dy2 is R˙2/R˙b
2
= n2(y, t).
Let us consider a special case P = 0 in (1). Integrating the second equation (13), we obtain
R±(y, t) = Rb(t) coshµy + α
√
R˙2b
µ2
+R2b sinh µ|y|. (23)
Using the Friedmann equation with P = 0
H2 = R˙2b/R
2
b = ρ
2 + 2µρ (24)
2This remark is due to I. Tyutin and B. Voronov.
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and introducing β = sign(Rb(t)), we rewrite (23) as
R±(y, t) = Rb(t)
(
coshµy + αβ
(
1 +
ρ
µ
)
sinh µ|y|
)
. (25)
For correspondence with (6) (with P = 0)
a2(y, t) =
a2(0, t)
4
[
e2µ|y|
(
ρ
µ
)2
+ e−2µ|y|
(
ρ
µ
+ 2
)2
− 2
ρ
µ
(
ρ
µ
+ 2
)]
we set
αβ = −1
and (omitting (±)) obtain
R(y, t) =
Rb(t)
2
[
e−µ|y|
(
ρ
µ
+ 2
)
− eµ|y|
ρ
µ
]
. (26)
Also we have
dR(y, t)
dy
= −ǫ(y)
µRb
2
[
e−µ|y|
(
ρ
µ
+ 2
)
+ eµ|y|
ρ
µ
]
. (27)
Introducing y0, such that
eµy0 =
(
ρ
ρ+ 2µ
)1/2
(28)
we express R(y, t) and R′(y, t) as
R(y, t) = −
R˙b(t)
µ
sinh(µ|y|+ µy0), R
′(y, t) = −ǫ(y)R˙b(t) cosh(µ|y|+ µy0) (29)
Integrating the first Eq. (13) for T (y, t) with R(y, t) (26), we obtain
T±(y, t) = −
1
µE
cosh(µ|y|+ µy0)
sinh(µ|y|+ µy0)
+ C±(t). (30)
For C+(t) = C−(t) = C(t) the limits y = 0 from both sides of the trajectory of the brane are the
same.
From the fact that in (22) the coefficient at dydt is zero it follows that
T˙ =
R˙ R′
µ4R4 T ′
=
R˙ R′
µ2R2(ǫ(y)E)
. (31)
Writing (30) as
T (y, t) = −
R′(y, t)/ǫ(y)
µ2R(y, t)E
+ C(t) (32)
and taking the time derivative, we obtain
T˙ =
R˙R′
µ2R2(ǫ(y)E)
−
1
µ2R
d
dt
(
R′ ǫ(y)
E
)
+ C˙ (33)
5
The first term in the rhs of (33) written as
R˙R′
µ2R2(ǫ(y)E)
=
R˙R′
(µ2R2)2T ′
is the same as in (21), which was obtained assuming that in (18) ϕ = 0. Remarkably, substituting
explicit expressions (29) for R and R′, we find that the second term on the rhs of (33) is independent
of y
1
µ2R
d
dt
(
R′ ǫ(y)
E
)
=
ηy˙0(t)
R˙b(t)
. (34)
Choosing
C˙ = η
y˙0
R˙b
, (35)
we obtain T˙ as in (31). In the limit y = 0 we have
T˙ (y, t)|y→0 = −η
ρ+ µ
µ2Rb
= T˙b(t). (36)
In the radiation-dominated period, conservation equation for the energy density on the brane is
ρ˙ = −4ρR˙b/Rb.
Using this equation, we have
y˙0 = −
4ρ
H
, T˙b = −η
ρ+ µ
µ2Rb
.
From (26), using the conservation equation for ρ, we obtain
R˙(y, t) =
R˙b
2
[
eµ|y|
3ρ
µ
− e−µ|y|
(
3ρ
µ
− 2
)]
. (37)
Jacobian of transformation from T, R to t, y is
J = T˙R′ − R˙T ′ = ǫη
R˙
R˙b
.
Although both R˙ and R˙b are non-zero, the expressions for T˙ and T
′ contain R(y, t) in denominator.
R(y, t) is zero for e2µ|y| = (ρ + 2µ)/ρ, and transformation from (T, R) to (t, y) is valid for e2µ|y| <
1 + 2µ/ρ. In the region e2µ|y| > 1 + 2µ/ρ R(y, t) can be defined as
R(y, t) =
Rb(t)
2
[
eµ|y|
ρ
µ
− e−µ|y|
(
ρ
µ
+ 2
)]
,
which is a positive and increasing function y.
I would like to thank I. Tyutin and B. Voronov for helpful discussion.
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